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ABSTRACT

The paper proposed two (2) measures for correlating fractal random variables. The
correlation measures depicted the extent to which roughness in one variable induces
roughness in the other. The first measure, fractal correlation, directly used the usual
moment-based product moment correlation of the fractal measures Ax and Ay at each

point (xi,y;). Each of the fractal measures was marginally exponentially distributed

and so their second moments exist. The second measure, fractal geometric correlation,
took advantage of the fact that fractal curves may have infinite perimeters but they
enclosed finite areas A. The fractal geometric correlation was given by the reciprocal of
(A+1P-1. Simulation results were given and applications in landscape ecology were

provided.
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1.0 Introduction

In earlier papers of Padua et al.,
2012; 2013, a univariate fractal probability
model was developed which included,
among others, a measure of roughness of
the fractal random variable X through
the fractal dimension (/). The model uses
the simple power law model:

L k20451050

(1) Fare)= ——(5

For most applications, the fractal
dimension A lies between 1 and 2, 1 < 4 <
2, and so the first and second
moments of x do not exist. The
maximum likelihood estimator of A based
on model 1 is:

ey -1
(2) A=14+n (E"zi log (E]]

Thus, for n=1 each observation x; has
an associated roughness i, which takes
the place of a derivative at x; in the usual
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(continuous) model. The distribution of
these roughness measures was shown to
obey an exponential distribution.
Consider two fractal random variables X
and Y with associated joint fractal
distribution f(x,y). We propose to model
the joint distribution as:

(3) Fe) =A(Z2) ", x>0, y20,4>1 =0,
else,
Here, 6 = max {0,0,} and attempt to
define a correlation measure between x
and y. The obvious Pearson “r” measure
is inappropriate in this case because the
first two moments of (3) may not exist at
all. It follows that a correlation measure
appropriate for model (3) should not have
any reference to the existence of a
second moment.

There are various conceptual
difficulties that need to be addressed
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along this subject. First, a “correlation
measure” for fractal random variable
measures something more than the
usual Pearson “r” correlation coefficient.
It is not concerned so much with the
question of whether an increase
(decrease) in x corresponds to an
increase (decrease) in y but whether x

“causes” the observed roughness in y.

Second, because the notion of
“roughness” is a relative concept, any
fractal correlation coefficient is also

necessarily relative. Thus, an observed
causal relationship between x and y in
one context may not hold true in another
context. For instance, poverty (x) may
induce a corresponding “roughness” on
the incidence of crimes (y) in one
municipality but need not be true in
another municipality. Correlation
measures derived from the concept of
“mutual information” are generally of
this nature.

2.0 Methodology (Proposed Correlation
Measures)
2.1 Mutual Information

A classical measure wused to
determine how much information on
variable x provides information on y is
the mutual information 1ndex

(4) MI =[] f(x,¥) log dx dv.

Note that if x and y are 1ndependent
random variables, then MI = 0. There are
serious implementation problems
associated with the use of (4), the most
troublesome being that of estimating the
joint density f (x,y). We therefore prefer
not to use this measure.

2.2 Fractal Dimension Correlation

Alternatively, we can use the
roughness of x and y as indicators on the

8 SDSSU Multidisciplinary Research Journal Vol. 1 No. 2, 2013

way roughness in one variable induces
roughness in the other as follows: Let:

(5) A,(x)=1+ —, =12, ..,n
be the maximum likelihood estimators of
/x and A, for a single observation. The
pairs {4, (x)), 1, (y)}are then correlated:

G T T R T B T iy Y

(6) "o, =TT —— =

We take (6) as an estimate of the
theoretical correlation

cov | A,y A )

(7) p/.'x Ay T yVar Ay [Vard,

o

The existence of (7) is guaranteed by
the fact that the distribution of the
fractal dimensions A, and 4, are each
marginally distributed exponentially:

8) f(A)=ae™ 1>0.

Marshall and Olkin (1967) provided
the bivariate exponential distribution in
the context of reliability of a two
component system subjected to three
types of Poisson shocks a; , a; and a;
caused failure in the first, second and
both components respectively (Malik and
Trudel, 1986). The bivariate Marshall—
Olkin exponential distribution is:

(9) Flhydy)= 1-espley+ ag)d, - (4 )i, +exp (ayh, + tiph 1 Ay max A, +4,})
where, a; , a, , a3> 0 and A, 4, > 0.
Equivalently,

(10) H(Z,, 4,.)=P(4

2> Andp > A)

= exp (oyd, —ad, — ey max{l,, 4,])

Note that E(4.) ) = ,x_so that
we only need to ﬁnd E (lx A,) or the
expectation of the product of two
exponential random variables. Let u=4,,
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y)

, , then:

(11) #G) = [22 exp( =2 — (0, + ag)v)dv

where v = A,, a1, a, a3, v > 0. Upon noting
that:

(12) F (4 ,4) = H (5 0)+F 0)+F () - 1,
we can obtain F (y) as:

(13) F (W 1-A (1) (Malik and
Trudel, 1986). The expected value of u =
Ax, Ay 1s therefore,

fes)

(14) E@W= [ naF@<e

X2=ﬂE2+IE]

where I is a Bernoulli random variable
with P(I=0) =fand P(I=1) = 1- §. Then,
X: has an exponential distribution
because the moment—generating
function of Xj is:

(16) ¢ (D ={p+a-pi}=%

Similarly, X»is exponential with:

(17) corr (x1, x2) = px1, x2 = 3B (1-P).

which is easily seen to be finite. It follows that O < px1, x2 = 0.75 where the

Numerical integration is needed to find maximum is attained at p = 0.05. The

(11) and (14). Pearson product moment correlation
Lewis et al. (1981) found a more measures linear dependency taking

practical way to obtain the correlation

between two exponential random variables. (g f(xvx:):ﬁﬂ-p(_“‘;—:;:'l], ;(51-: <, <%x:) _i: e;l-p( _%]

For positively dependent exponential
model, let E1 and E> be independent and
identically distributed (iid) exponential
random variables with unit mean.
Define:
(15) X]ZﬁEl +IE2

maximal values at =1 if the variables are
linearly related: this is not the case here.

The joint distribution of X; and X> is:
where O <B <1, x1, X2 > 0. Figure 1 shows
the isometric plot of (18).

6.9 et [ 6.0
-1 s s et £
et e e et e el
foa o ’.3.00 - 4.9
7 - e e - - e
e S e oo e e -
2.0 Resooozassosoiisoooioootosioosooooioiaet o 2.0
1 S e e L
-
S
- LS LSISLSTS< e e - e e P
3.50 R E2ss A\ 3.50
e e ee el — = e A
= - oS ! :
2.50 ool 1] \ B2 2.50
\"‘\rﬂ/! HIHS
. 1.58 )| 1,50
X, AXIS 10~ % X, AXIS 10
S0 .50

Figure 1. Isometric plot of the joint probability density function of the positively dependent EP
(B) model for B = 0.5. This value of 3 gives the maximum attainable correlation of
0.75; the figure has been truncated for both variables at 0.5 (Source: Lawrance and
Lewis, 1981, Naval Postgraduate School, Monterrey, California)
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The figure shows that the joint pdf is a
wedge —shaped sector of high density at

(pr.<x <ix) super-imposed over an
independent bivariate exponential
diversity.

2.3 Fractal Geometric Correlation
(FGC)

A more intuitive and geometric
measure of association between two (2)
fractal random variables can be derived
that uses the original fractal geometry of
the scatterplot (x;,y), i =1, 2,.....,n Let
H {(x;, y)|x:, y)iid F (xy) , a bivariate fractal
distribution}. The scatterplot of H will be
denoted by G(H), the graph of H. We
connect the points (x;, »;) and (x;, y) i # j by
short line segments (called edges) in
such a way that no two edges intersect
except at their endpoints. The resulting
closed curve is a fractal curve: y: R2— R
which is continuous but nowhere
differentiable (non-rectifiable). This
means that the perimeter P of the curve
tends to infinity. However, the area A
enclosed by the curve is finite and is well
-defined.

Techniques for calculating areas
enclosed by non - rectifiable curves are
available in the literature (Sasaki,
Shihaba & Hatanaka, 1994). We propose
a correlation measure based on this
observation.

v
o
/e
o
e o
o oY
@

Let G(H) define a non-rectifiable curve
v(.)- Let A be the area enclosed by v(.),
then

1

I:A_i.'lf’.—_

(19) R* =

is a measure of the roughness of Y
induced by the roughness of X. Note that
if Yi=aX,a>0, then R2 =1 since A =0
and the fractal dimension of the straight
line is A = 1. That is, if X were a fractal
random variable, then Y will also be
fractal of the same dimension as X;. The
resulting figure is one that is not a
fractal object (a straight line).

If A > o, then R2 — 0, then the
geometric figure whose boundaries are
the observations (x,y) departs from a
straight line. The fractal dimension A of
the figure increases indicating a higher
degree of roughness. In fact, it easy to
see that the higher the fractal dimension
of G(H), the higher becomes the area A,
viz, the farther are the points from the
usual regression line. Hence, the
measure (19) is a measure of departure
from a linear relationship between x and
y. The computation of the area A
enclosed by the points (x,y) can be
difficult when the number of points is
large. The object can be so rugged as to
render the computation of the area
almost intractable.

>

Figure 2. Non-rectifiable curve enclosing a finite area
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For this reason, we propose to replace
(19) by a monotone measure:

(20) R* = 1 — (A — 1)Faritety)

where Har (A4, ) is the harmonic mean of
the fractal dimensions of x and Vy,
respectively. Note that if the figure is a
straight line 4 = 1 and the resulting
correlation measure is R* = 1. As A—2,
the curve traced by the points (x,y)
becomes rougher and R* — 0.

The usual Pearson product moment
correlation coefficient is a measure of
linear relationship. If the variables x and
y are linearly related, then the
correlation coefficient is 1 (or-1). However,
even if x and y are related such as when
y = 2/x, the Pearson correlation coefficient
will be close to zero. On the other hand,
the fractal geometric correlation provides
a value that is not close to zero and
dependent only on the fractal dimension
of the curve. Furthermore, while the
Pearson correlation coefficient is quite
sensitive to “outliers”, the fractal
geometric correlation is not.

Fractal softwares can be used to
calculate A, A, and Ay (see for example
FRAKOUT.COM). Below is an actual
illustration of the use of Frakout software

to determine how an animal’s search
range for food (x) induces ruggedness on
the amount of food (y) actually found by
the animal.

Animal Food Search Range

1. Scatterplot of variables x (range of
search) and y (food).

2. Project to x-axis and show ruggedness
of x (search range). (sety = 0)

3. Project to y-axis and show ruggedness
of y (amount of food). (set x = 0)

4. FRACTOGRAM: Combine x-y and
scatterplot

S. Open FrakOut.exe. Click File, New
and Load the .jpg file.

6. Click Sheet, Add Sheet and Decrease
cell size.

7. Connect and trace the points by
highlighting the corresponding cells.

8. Go to EXCEL, copy the cell size and #
of cells. Compute for the log (cell size).
Compute for the log (# of cells).

9. Perform a linear regression analysis.
The slope will give us the “fractal
dimension” of the highlighted cells
(ruggedness of x)

10.Connect and trace the points by
highlighting the corresponding cell.

1. Scatterplot of variables x (range of search) and y (food).
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2. Project to x-axis and show ruggedness of x (search range). (sety = 0)
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3. Project to y-axis and show ruggedness of y (amount of food). (set x = 0)
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4. FRACTOGRAM: Combine x-y and scatterplot
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5. Open FrakOut.exe . Click File, New and Load the .jpg file.
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8. Go to EXCEL, copy the cell size and # of cells. Compute for the log (cell size).
Compute for the log(# of cells).

o]
[ Ele Edt Dats Colc St Graph Editor ook Window |
S = 5
[ lSize] # Cels| _ FractalDimension LUICIRE LIRSl - LR TAINA X
1 ST TVY AN
& 1 | [ F#he =
s o2 03 f 1 Q [ 4
175 4 |0geseeT cellsize  no. of cells log cell size log no. of cells
85315 8 075 :> 1 | 683.000000 1 6.52649 0.00000
o6 (2 |1 2 | 341000000 2 583188 069315
NUB 0959148 3 | 170.750000 4 5.14020 1.38629
106719 91 |0929685 4 | 85375000 8 444705 20734
s34 167 |0922963 5 | 42687500 2370 346574
26607 210968631 6 | 2134300 5 306076 396696
7| 10671900 9 23761 451086
8 | 53350 67 16447 5.11799
9 | 2667970 o 0w 6.04263

9. Perform a linear regression analysis. The slope will give us the “fractal
dimension” of the highlighted cells (ruggedness of x):

Editor Tools Window Help Assistant
L= - A - | - | E T s A O TE | OO E =5 S

~ —= oln iw | 2 oL | &=
S

s = 1| >=<| <z || I

Scatterplot of log no. of cells vs log cell size
Regression Analysis: log no. of cells versus log cell size

The regression eguation is
leg nme. of cells = 7.15 - 1.10 log cell size

T e
Constant 7.1a82 0.1666 42z.81 o.000
cell size =-1.0966S 0©.04006 =-27.38 0.000

s — o.2isose R-Sq — S9.1% B-Sgiaal) — 2.9

Analys=is of Variance

Regression 1 3s.662 3s.662
Residual Eszos = o.323 o.oas
Tor. e =a.ses
Unusual Obsexvaticns
1eg c=11 low mo.
Sba mize of cells Fiz SE Fit Residual St Resid
s 3.9s 3.24857 3.031s 0.0717 ©.43az z.14m

R denctes an chservarion with a large standardized residual.
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3.0 Simulation

We simulated the behavior of the
proposed correlation measures (19) and
(20) on three (3) cases:

1. Independent X and Y (ry= 0O)

2. Perfectly correlated X and Y (r/= 1)

3. 0 < corr (X,Y) < 1, corr (x,y) =1f =

0.6

where, X and Y are the fractal random

variables having no Pearson product
moment correlation measure. In order to
simulate (c), we used Malik and Trudel’s
model (1986) represented by (15). For
ease and simplicity, we used n = 100
repeated 1000 times. Table 1 shows the
simulation results.

Table 1. Correlation of fractal random variables

Case Roughn@ss Fractal Geometﬁc Assumed Ry
Correlation Correlation

Independent Xand Y  R;=0.066 R'y=0.011 Ry=0.00
p-value= 0.515 p-value= 0.515

Perfectly correlated X~ Ry=0.998 R'+=1.000 Ry=1.00

andY p-value= 0.0001  p-value= 0.000

Highly correlated X Ry=0.682 R+=0.646 Ry=0.63

and Y p-value= 0.000 p-value= 0.000

Note that the fractal geometric correlation (FGC) is closer to the assumed Rs.
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